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ON THE DENSITY OF BANACH C{K) SPACES WITH THE 
GROTHENDIECK PROPERTY 

CHRISTINA BRECH 



^,^' Abstract. Using the method of forcing we prove that consistently there is a 

J^ ' Banach space of continuous functions on a compact Hausdorff space with the 

Grothendieck property and with density less than the continuum. It follows 
that the classical result stating that "no nontrivial complemented subspace of 
a Grothendieck C{K) space is separable" cannot be strengthened by replacing 
"is separable" by "has density less than that of (cxd", without using an addi- 
tional set-theoretic assumption. Such a strengthening was proved by Haydon, 
Levy and Odell, assuming Martin's axiom and the negation of the continuum 
hypothesis. Moreover, our example shows that certain separation properties 
of Boolean algebras are quite far from the Grothendieck property. 



1. Introduction 



For an infinite compact Hausdorff space K, let C{K) be tlie Banacfi space of tlie 

continuous real- valued functions on K , with the supremuni norm. The purpose of 

K^ ' this work is to show that the existence of a Grothendieck C{K) space with density 

\l , less than the continuum (denoted by c) is independent from the usual axioms of set 

1 1^ ' theory. Recall that a Banach space X is said to be a Grothendieck space (see [4] for 

r^ . more details) whenever each weak* convergent sequence in its dual X* converges 

• ' weakly. To obtain this independence result we make the following two assertions: 

^^ ' // p = c, then every Grothendieck C{K) space has density > c. (I) 



In a model obtained by forcing, there is a Grothendieck , , 

C{K) space with density < c. 

The main purpose of this work is to prove (II), since (I) is already known: it follows 
from a result of |5]. To present here a direct proof of (I), we define the cardinal 



j^ ■ p: we call p the least infinite cardinal k for which there exists {Ma)a<K Q p(N) 

such that Cl^^p Ma is infinite for all finite subsets F oi k and there is no infinite 
M C N such that \M \ Ma\ < cxo for all a < k. This means that we can in some 
way diagonalize less than p subsets of N which are finitely compatible. It is known 
that wi < p < c (wi is the first uncountable cardinal) and that MA (Martin's 
axiom) implies that p = c. We have that every infinite compact Hausdorff space 
with weight less than p has a nontrivial convergent sequence (see [6^, Proposition 
24 A) and therefore C{K) is not a Grothendieck space (see the proof of Theorem 
9.5 of [11). So, assuming p = c we have that if C{K) is a Grothendieck space, then 
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2 CHRISTINA BRECH 

K has weight at least c and by the Stone- Weierstrass Theorem, C{K) has density 
at least c. 

It follows from a result of [i] that no nontrivial complemented subspace of a 
Grothendieck C{K) space is separable. A strengthening of this statement fol- 
lows from a result of [9], assuming MA (or simply p = c) and the negation of 
CH (continuum hypothesis): each nontrivial complemented subspace of a non- 
reflexive Grothendieck space (hence each nontrivial complemented subspace of a 
Grothendieck C{K) space) has density at least c. Our result shows that we need 
an additional set-theoretic assumption to prove such strengthening. 

Pelczyhski asked (see 0) if every Banach space of continuous functions should 
contain either a complemented copy of cq or a (complemented) copy of lac. Ta- 
lagrand (assuming CH, see [16]) and Haydon (without any additional hypothesis, 
see [8]) answered this question negatively. Moreover, the space constructed by 
Talagrand does not have a quotient space isomorphic to loo- On the other hand, 
Haydon, Levy and Odell proved in [9 that p = c and the negation of CH imply 
that every Grothendieck C{K) space has loo as a quotient. Our space has stronger 
properties than that constructed by Talagrand: it is a Grothendieck G{K) space 
or, equivalently, a Banach C{K) space with no complemented copies of cq (by a 
result of [T3]) with density less than c, which is the density of ^oo (and therefore it 
has no quotient isomorphic to loo)- 

Turning to properties of Boolean algebras, we would like to notice that there are 
many of them which imply that C{K) has the Grothendieck property, for K its 
Stone space. Some of them are the subsequential completeness property (see [8 ), 
subsequential interpolation property (see jTj), etc. However, all of them imply also 
that the Boolean algebra has cardinality at least c, which is not the case of ours. 
So, our space is a Grothendieck C{K) space, for K the Stone space of a Boolean 
algebra, which does not have such properties. This illustrates that these properties 
are quite far from the Grothendieck property. 

To show (H) we will not make use of well-known axioms like CH or p = c, 
as occurs in the results of Talagrand and Haydon, Levy and Odell. Instead, we 
shall prove the consistency directly by forcingj. Using a product of Sacks forcings 
(also known as the perfect set forcing) we obtain the model in which there is a 
Grothendieck C{K) space with density less than c. It would be interesting to 
decide if axioms like p < c or alike imply (II) directly. Other applications of the 
Sacks forcing in analysis can be found in [5] and |15) . 

The idea of showing (II) was motivated by a result of [TU]. In this work. Just 
and Koszmider showed that a certain compact Hausdorff space K with weight 
less than c (and so, C{K) has density less than c) has no nontrivial convergent 
sequences. Although this is not sufficient for C{K) to be a Grothendieck space, it 
is necessary. Thus, generalizing and modifying the methods used in [10] we prove 
that C{K) is a Grothendieck space. Moreover, Schachermayer proved (see [13]) 
that a necessary (but not sufficient) condition for a Boolean algebra to have the 
Grothendieck property (that is, for C{K) to be a Grothendieck space, where K is 
its Stone space) is that it is not a countable union of a strictly increasing sequence 
of subalgebras. One of the results of [10] (which follows also combining ours and 
that of [13) is that our Boolean algebra is not such a union. 



A classical example of the use of forcing to obtain a result in analysis is the proof of the 
consistency of the automatic continuity of homomorphisms between Banach algebras (see [3]). 
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In this paper, B denotes an infinite Boolean algebra and S{B) its Stone space. 
We use Vie/ ^' ^'-'^ ^^"^ suprcmum of the family {bi : i G I) C B, ii it exists and we 
say that a family A C i5 is an antichain in B if for each a,b d A with a ^ b we 
have that a ■ b = 0. We denote by /i a real- valued finitely additive measure on B 
and if fi is bounded, |/i| denotes the variation of /i. K will always denote an infinite 
compact Hausdorff space and Bor{K) the cr-algebra of its Borel sets. A Radon 
measure // on K is a, real-valued cr-additive bounded regular measure on Bor(K) 
and \\fi\\ denotes its norm (see [T3] and [13] for the definitions). 

Let ;B be a Boolean algebra. In what follows we will identify the Boolean algebra 
B with the Boolean algebra Clop{S{B)) of the closed and open subsets of S{B), 
using the Stone duality. Recall that given a Radon measure /i on A', /ije is a finitely 
additive measure on B. On the other hand, if /i is a finitely additive measure on B, 
then there is a unique Radon measure jl on K such that /Zje — fi. Thus, we have 
a correspondence between finitely additive measures on B and Radon measures on 
K and we will identify them in the sequel. Recall that the Riesz Representation 
Theorem guarantees that C{S{B))* (the dual space of C{S{B))) is isometric to the 
space of the Radon measures on S{B). Hence we identify also each Radon measure 
on S{B) (and thus, each finitely additive measure on B) with the correspondent 
functional in C{S{B))*. 

We use a standard terminology for the Sacks forcing: we denote by § the Sacks 
forcing and given s £ S and p G s, let s\p — {q G s : q C p ot p C q} £ E. We 
denote by l{n, s) the nth forking level of s 6 § and we say that s <„ t ii s < t and 
l{n,s) = l{n,t) (see [1] for the definitions). 

Given a regular cardinal k, we denote by S** the product of k Sacks forcings and 
given s G S*^, a finite subset F of dora{s) and n e N, we denote by l{F,n,s) the 
set {a : dom{a) = F and for all a G F, cr(a) G /(n, s{a)y\. We say that s <F,n t if 
s <t and 1{F, n, s) = 1{F, n, t). Finally, if s G §", if F is a finite subset of dom[s) 
and if cr is a function with domain F such that a{a) G s{a) for all a G -F, let 
s\ij G S*^ be such that {s\a){a) — s{a) for a G dom{s)\F and (s|cr)(a) = s{a)\a{a) 
for a G F. We will need some results about this forcing, which are all proved in 'J\. 

In Section 2 we present some combinatorial results needed for the proof of (II) and 
in Section 3 we present the proof of the main result. The notation and terminology 
used are those of [5" for Grothendieck spaces and those of pi for Sacks forcing. 

2. Some combinatorial results 

In this section we present some combinatorial results, which will be necessary in 
the proof of the main theorem. The following lemma is implicit in |12j . 

Lemma 2.1. Let B be a Boolean algebra and let k be an uncountable cardinal. Let 
(a„ : n G N) be an antichain in B and let {fik : fc G N) be a sequence in C{S{B))*. 
V i^i : ^ < k) is an almost disjoint family in p(N) (that is, a family of infinite 
subsets of N such that for all ^ < ^' < k, N^ n N^i is finite), then for all but 
countably many f 's we have that for all k G N and all M C N^, if VneA/ "^^ exists, 
then 

neM neM 

Proof. Suppose that the lemma does not hold. Then there is an uncountable X G n 
such that for each £, G X there is fcj G N and an infinite set Mj C N^ such that 



CHRISTINA BRECH 



yi€Mi: "'i exists and J2i&M^ ^^k^{ai) ^ fJ-kt:i\/ i^zM^ «*)• We can assume without loss 
of generality that there are natural numbers k and m such that for all ^ e X, 

Mfc( V "0 ^ y^ fJ.k{ai)\ > —. 

V Z / jYi 

Fix ^ e X. Let S^ = MMieM^ ^0 - Y.i<^M^^^k{a^). Since M/c(V»eM4.*>z «*) 
converges to (5^ as Z — ;• cxd, there are arbitrarily large I G N such that 

\^^k{ V "«) ^'^?l < \^^\ — • (*) 

ieM^,i>l 

Let n be a natural number greater than m ■ \\nk\\ and let ^i, . . . , ^„ be different 
ordinals in X such that 6^ . are either all positive or all negative. For each 1 < j < n, 
let Ij be a natural number as in (*) and such that (M^. \ {0, . . . , lj})i<j<„ are 
pairwise disjoint. Note that (*) implies that M/£(VieM i>i ^i) ^'"^ also either all 
positive or all negative and that |Mfe(VjeM, i>i "01 > ^- Then, 

n ^ 

l<j<n ieM^.,i>lj j=l ieM^.,i>lj 

a contradiction. Therefore the lemma is true. D 

Lemma 2.2. Let m, A and N he natural numbers. For each i < N , let Gi be a 
finite subset ofN with cardinality at least A + m. Fix an infinite X CN and suppose 
that for each i < N and each k G Gi, Xk.i C X is such that X C lJ{Xfe.i : k G F} 
for alii < N and all F (~ Gi with \F\ > m. Then, for each i < N , there is Hi C Gi 
with cardinality at least A such that f]{Xk.i : i < N,k € Hi} is infinite. 

Proof. Let u be a nonprincipal ultrafiltcr in N which contains X . By the hypothesis, 
for each i < N, there are at most m — 1 elements k ^ Gi for which Xk,i ^ u, 
since if they don't belong to u, their union does not belong to u as well. Taking 
Hi — {k & Gi : Xk,i G w}, we have that \Hi\ > \Gi\ — m > A, which concludes the 
proof. D 

Lemma 2.3. Let N be a natural number and for each i < N, let Gi C'N be finite. 
For each k G lJ/<Af '-'' ^''^'^ each i,j < N, let (m^ An) : n G Gi) be a sequence of 
positive real numbers such that 

\ft,j <N, Vfc G U Gz, J2 "^t(") ^ ^' 

KN n£Gi 

for a fixed positive real number M . Let rj be a positive real number and let m be a 
natural number such that m-rj > M. Given a natural number C, there is a natural 
number B depending on C , N and m such that if \Gi\ > B for all i < N, then, 
for each i < N, there is G* C Gi with cardinality G such that for all i,j<N with 
i ^ j, all k E G* and all n € G* , we have that m\ An) < rj. 

Proof. We prove it by induction on TV. If A^ = 1, we are done. 

So, assuming that the result holds for N, we prove it for A^ + 1. Fix a natural 
number C and let C" — G+G-m. By the inductive hypothesis, there is B{N, C') G N 
satisfying the lemma for N and C". We claim that B{N + 1,G) = max{C + N^ ■ 
C' ■m,B{N,G')} works. 
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Since B{N + 1, C) > B{N, C"), we have that for each i < N, there is G** C G^ 
with \G**\ = C" satisfying the thesis. Taking K = [j{G** : i < N}, we have that 
\K\ < N ■ C . For each j < N and each k ^ K, there at most m elements n of Gjv 
such that m'^ j{n) > rj. So, taking 

G% ^ {uEGn ■■ m%,j{n) < rj, for all k € K and ah j < N}, 

we have that |G^| > G and m%,j{n) < rj for aU k e K, aU j < N and ah n G GJ^f. 
We can suppose without loss of generality that |G^| — G. Since for each i < N 
and each k G G^, there are at most m elements n of G** such that m'H j^{n) > 77, 
taking 

G* == {n e G** : mlj^{n) < 77, for aU fc G G^}, 

we have that |G*| > G and for each i,j < N with i ^ j, each n G G* and each 
fc G G* we have that m'l An) < -q, which concludes the proof. D 

Proposition 2.4. Let s G §'', let E C'N be finite and let e and M be positive real 
numbers. Let (/ifc : A: G N) be a sequence of names for finitely additive measures on 
the Boolean algebra p(N), let {Ak : k gN) be a sequence of names for subsets ofN 
and let X be a name for a subset ofN. Suppose that 

VfcGN, \\fik\\<M, 

Vfc,fc'GN, k^k', AknAk'^9, 

s \\- \ X is infinite, 

Enx = 9, 

VfcGX, \fik{Ak)\>e. 

Given a natural number N , a finite subset F of k and a positive real number S, 
there are: s* G §" with s* <f,n s; a* C N; E* CN with \E*\ < 2^l^l; a sequence 
of names {A^. : fc G N) for subsets ofN; and a name X* for a subset ofN such that 
s* forces that: 

(1) for all keN, Al^ Ak\d* and so, for all k,k' gN, kj^ k' , i* n Al, = 0; 

(2) X* C X and X* is infinite; 

(3) for all k G X*, |Afe|(a*) < S and so, for all k G X* , \fik{Al)\ >e-S; 

(4) for alike E, |/Xfc|(a*) <S; 

(5) there is k G E* such that |/ife(a*)| > e — 6; 

(6) E* CX\X*. 

Proof. First, take K — 2^1^' and rj = j^. Fix a natural number m such that 
m ■ rj > M . Let _B G N be large enough (we need it large enough in order to have a 
number greater than 1 after several applications of Lemmas 12.21 and I2.3|) . 

We will define a* as the "union of some A/^'s" with k € X. To find the /c's that 
will work, we have to decide many (but finitely many) elements of X* and after 
that, we will eliminate those which do not serve. So, take L = 1{F, N, s) and let 

D = {pes'" : there is G C N with \G\ = B and such that p Ih G C X}. 

Since D is dense below s and open, by Lemma 1.8 of [Jj there is s' <f,n s such 
that s' I cr G I? for all cr G L. Hence for each a € L, there is Go- C N with cardinality 
B such that s'la forces that Ga C X. 
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Now, we want to decide Ak for each k & Ga and each a & L. Let G = IJ^^^ G^ 
and 

D' = {peS'^ : for aU k eG there is Ak C N such that p Ih Ak = Ak}. 

Again, since D' is dense below s' and open, applying Lemma 1.8 of (T] we obtain 
s" <F,N s' such that for each a € L we have s"\a G D' . Hence for each a € L 
and each k G G, there is Ak{<j) C N such that s"\a forces that Ak{a) = Ak and 
therefore, for each a G L, {Ak{(7))keG is pairwise disjoint. 

Since we want the measures of a* to satisfy properties (3), (4) and (5), and the 
names A* to satisfy properties (1) and (3), we will approximate the values of the 
measures fik ior k E E IJ G in the sets A„((t) for a E L and n e G^- 

Claim 1. For each a, a' G L, each k E EUG and each n E Ga, there is m^ ai{n) E 
K and there is t <f^n s" such that for all a,a' E L, all k E E U G and all n E Ga, 
t\a forces that \(ik\{An{cr')) < fh^ ^,{n) and such that for all a, a' E L and all 
kE EUG, 

nGG„ 

Proof of Claim 1. Since EUG is finite and s forces that ||/ifc || < M for all k E EUG, 
it forces also that there is 9 > such that M - \\fik\\ > 9 ior a\\ k E E U G. Thus, 
there is p <f,n s" such that p forces that M ~ ||/ifc|| > ^ for all fc e _E U G. 

There is t <f,n P and for each <t, a' E L, each n E Ga and each k E EUG, there 
is m^ g., (n) E M such that 

<|alhO<mJ,,(n)-|Afc|(i„(a'))< 



2|G„ 



Recall that for each a E L, {Ak{a'))keG is pairwise disjoint. Therefore, for all 
a,a' E L and all k E E U G, t\a forces that 

M-J2 <An)>M- E(lA'=l(^»('^'))-^)>M-||/i,||-^>^>0 

and so, '^neG "^^ c' (") < ^'^- Moreover, for each n E Ga, each a,cr' E L and each 
k E EUG, t\a forces that |/ifc|(4„(cr')) < rh^^,{n), concluding the proof of the 
claim. D 

From the fact that for each a,a-' E L and each k E E, J2neG '^ct(t'(") < -^' i^ 
follows that for each a, a' EL and each k E E there are at most m elements n of 
Ga such that m^ ^, (n) > 77. Since B is large enough, we can assume without loss 
of generality that 

Vo-,a'GL, ykEE, Vn G G„, m^,,,(n)<?7, (7) 

and by Lemma 12.31 we can assume without loss of generality that 

Vct,ct'gL, (T^a', yriEGa, V/sgG^-, m^,,,(7i) < t;. (8) 

To obtain X* satisfying (2), for each a E L and each n E Ga, let Xn^a be a name 
such that t forces that Xn^a = {k E X : |/ife|(yl„(o')) < 77}. 

Claim 2. There is s* <f,n t and for each a E L there is a nonempty Ha C Ga 
such that s* forces that P|{X„_cr : n E Ha, a E L\ is infinite. 
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Proof of Claim 2. Let (ct; : i < K) be an enumeration of L. To prove the claim, 
we will proceed by induction on j < K to construct a sequence of conditions s^ 
such that s^^^ ^f,n s^ ^f,n t and for each a E L, we construct a sequence of 
finite nonempty sets H^.j with H^.j+i C Haj C Gcr such that s^\aj forces that 
n{^n,o- ■ " £ Ha-,j, (T Cz L} is infinite. 

For the construction, fix. < j < K and suppose we already have s^ and H^j 
for all cr G L as wanted. We have that s^ forces that X C |J{X„.o- : n £ H} for all 
a E L and all H C H^j with \H\ > m, for if not, then there would be cr e L, fc G N, 
H C H^j with \H\ > m and (s^)' < s^ such that {s^)' forces that k G X\U{X„,„ : 
n G H}. Since for each cr G L, [An{a))neH are pairwise disjoint, we would have 
that (sJ)' forces that lAfeKUI^W : n G i/}) > E„e// lAfcl(^(^)) >rh-r)> M, 
contradicting our hypothesis. We apply Lemma [2.21 in V[G] and using Lemma 1.8 
of [T] we have that there is s^"*"-^ <f,n s^ and for each a & L there is H^j+i C -ffcr.j, 
such that s-'+^lfTj+i forces that ni-^n,^ '■ cr & L,n G Haj+i} is infinite. Since C is 
large enough, we can assume each H^k-i to be nonempty and taking s* — s^~^ 
and iJcr = H(7,K-i we conclude the proof of the claim. D 

For each a € L we take fco- G H^ of Claim 2. We define a* = Uo-eL ^fc^ (''') ^^'^ 
E* = {fccr : cr G L}. For each fc G N, we define Al names for Ak\a* and X* a name 
such that 

s* Ih X* = f]{Xk,a ■.keHa,<JeL}\ E*. 

Claim 3. s* forces that for all k G C\{Xn.a' ■ n G Ha',c' G L} and all a E L, 

Proof of Claim 3. Suppose that s* forces that k G ^n.o- for each n G H^ and each 
a E L. Then, by the definition oi X„^a it means that s* forces that |/ifc|(A„(cr)) < fj 
for each n G -ffo- and each a E L. Since each k^ G -ffo-, we conclude the claim. D 

Let us now verify that we have everything we wanted: first, note that by the 
definition of A^. we have that s* forces that A^ = Ak\ a* and (A^)fcgN are pairwise 
disjoint, since it forces that (Afc)/jgN are pairwise disjoint. Therefore we obtain (1). 

By the definition of X* we have that s* forces that X* C X. By Claim 2 we 
have that s* forces that X* is infinite, since E* is finite. So we obtain (2). 

By Claim 3 we have that 

s* Ih Vfc G X*, |/ifc|(a*) = |/ife|( y AkA'^)) < Y. lAfel(^.M) <K-fi<S. 

By the hypothesis of the proposition, s forces that |/ifc(v4fc)| > e for each k E X. 
To obtain (3), note that 

s* Ih Vfc G i:*, |Afe(ife)l > \f^kiAk)\ - \fik\{a*) >e~6. 

To verify (4), note that Claim 1 and (7) imply that for all a, a' E L, all k E E 
and all n G G^ 

S*|(7lh|/ifc|(i„(a')) <<,,(«)< 7?. 

Since for all cr G i, fco- G H^ C G^, then, for each a E L and each fc G i? we have 
that 

s*\a Ih |A,|(a*) = |/i,|( U Au^, {a')) < J] |/i,|(i,^, {a')) <K-v<6, 

a'£L a'£L 

and so, by Lemma 1.9 of [1, we obtain (4). 
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To verify (5), note that Claim 1 and (8) imply that for all a,a' ^ L with a j^ a', 
all n e Ga and all k e G'^ 

s*|alh|A;c|(A„(^')) <<.'(") <^- 
Since for all a £ L^ k^ ^ H^ C Go-, we have that for each a € L, 

s*|alh|/ife„(a*)|>|/ife„(^„(a))|- Y. \f^kJ{Ak^,{<j'))>e-K-f,^e-§, 

and again by Lemma 1.9 of T we obtain (5). 

By the definition of E* and that of X* we have (6). D 

3. The proof of the main theorem 

We show now how the main result follows from Proposition [231 

Theorem 3.1. Let k > lui be a regular cardinal. Let G be an S'^ -generic filter over 
a set-theoretic universe V where CH holds. In V[G\, if K is the Stone space of 
the Boolean algebra p{N)r\V , then G{K) is a Banach space with the Grothendieck 
property and density wi which is less than k, = c. 

Proof. First we work in V[G]. By Theorem 1.11 of [T], |p(N) r\V\ = wi and by 
Theorem 1.14 of [1 , wi < k = c. So, K has weight oji and G{K) has density wi, 
which is less than c. 

Now suppose that G{K) is not a Grothendieck space. Then there is a sequence 
{li'k)k£n ^ G{K)* which is weak* convergent to /x e G{K)* but does not converge 
weakly. If {/ifc : k S N} were weakly compact, by the Eberlein-Smulian Theorem, 
it would be sequentially weakly compact. Then there would be infinite and disjoint 
sets Afi,Af2 ^ N such that {iJ,k)k&Mi is weakly convergent to I'i for i — 1,2, and 
t^i 7^ ^2- Since weak convergence implies weak* convergence, we would have that 
if'k)keMi converges weakly* to f^ for i = 1, 2, a contradiction. 

So, we can assume that {fik : fc e N} is not weakly compact. By the Uni- 
form Boundedness Principle, {fJ,k)k£f'i is a bounded sequence. By the Dieudonne- 
Grothendieck Theorem (Theorem VII. 14 in [Sj), there is a pairwise disjoint sequence 
([/fc)fegN of open subsets of K and e > such that for all ko e N there is fc > fco 
and rifc S N such that |/x„^(C/fe)| > e. Since iiT is a Boolean space, using the regu- 
larity of each /x^ , we can assume without loss of generality that Uk = B^ for some 
Bk G B. Moreover, if for some fc G N we have that |/ife(i?fc. )| > e for some sequence 
(fci)igN C N, it follows that |A<fc|(UiGN-^fei) - SieN lM/c(-SfcJ| = oo, contradicting 
the fact that ^.k is bounded. So, let io gN and no G N be such that \fino{Bio)\ > e 
and we construct by induction ik+i > ik and Uk+i > Uk such that |A'.nfc(^ifc)| > £• 
Let Ak = Bi^ and we have that {Ak)kGN ^ p(N) n V are pairwise disjoint and 
{nk)kGN C N is an increasing sequence such that for all fc G N, \iJ,nk{Ak)\ > £• 

Working now in V, let /ifc be a name for the restriction of /x„^ to the Boolean 
algebra p(N) n V. Let s G S", let M and e be positive real numbers and let Ak be 
names for the elements of p(N) fl V such that 

r VfcGN, ||/ifc||<A/, 
s\^l Vfc,fc'GN, kfk', AknAk'=9, 
( VfcGN, \fIk{Ak)\>e. 

By induction, we will construct a sequence (sAr)jveN with sn+i <Fn,n sn where 
Fn = {cti : i,k < N} and supp{sn) = {c^k • ^ ^ N}' ^ pairwise disjoint sequence 
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{aN)Ni£N in p(N), a pairwise disjoint sequence {EN)NeN of finite subsets of N, 
sequences of names {A^)ken.NGN for subsets of N and a sequence of names {Xn)n^^ 
for subsets of N such that sn+i forces that 

(1) for all k eN, A^+^ = ^f \ a^+i and so, for all k,k' eN if k ^ k', then 

(2) Xn+1 ^ X]'^ and Xn+i is infinite; 

(3) for all k e Xn+i, lA/cKaw+i) < Sn and so, for all k e X^+i, |/ife(Af +^)| > 
£n — Sn; 

(4) for aU k e Uq<-*<7V ^i^ lUkHaN+i) < Sn; 

(5) there is A: G i^w+i such that \ftkio,N+i)\ > f'w ~ ^n, 

(6) i?Ar+l C Xjv \ Xn^i, 

where sq = £, So = ^ and for each N eN, Bn+i = £n — Sn and Sn+i = ^■ 

For the construction, let sq = s, Eq — 0, A^ — Ak, Xq = N and note that we 
have the hypothesis of Proposition 12.41 

Now suppose we already have sq, . . . ,sn, Eq, . . . , En, {A^)k(£fii, Xq, . . . , Xn, and 
ai, . . . , Oat as we want. Note that (1), (2), (3) and (6) guarantee that the hypothesis 
of Proposition 12 .41 is satisfied. Then there are sat+i <Fn,n sn, o-n+i ^ N, En+i C 
N, a sequence of names (A^, '^^)keN for subsets of N and a name X^+i for a subset 
of N satisfying (1) — (6). This concludes the construction of the sequences. 

Then, by Lemma 1.6 of [1] there is s* e §" such that s* < sjv for all N e N. 
We have that (1) guarantees that (ajv)A'GN are pairwise disjoint. Moreover, (4) 
guarantees that 

s* Ih VA^ e N, if i < A^ and k e E,, then |/ifc|(aAr) < -^. (9) 

On the other hand, using (3) and (6) we conclude that 

s* Ih ViV e N, iii> N and k e E„ then |/ife|(aAr) < -^. (10) 

And finally we have that (5) guarantees that 

s*lhViVeN, Bfce^AT, |Mfe(aN)l > ^- (H) 

Let {Ka)a<LJi ^ p(N) be an almost disjoint family. For each a < wi we have 
that 



s* ih y dN € p(N) n V. 

By Theorem 1.11 of fl , s* forces that {Ka)a<uji is an almost disjoint family of 
subsets of N and wi = wi. By Lemma \2A\ applied in V[G], we obtain s** < s* and 
a € uji such that 

s**lhVfceN /ifc( \f Oat) = ^ /ifc(ajv)- 

Take a = Vjveif '^^ ^^'-^ ^^^ ^® ^^® ^^^* ^^ ^[^]' if ^ = |i then there are 
infinitely many n g N such that |/z„(a)| > 26 and infinitely many I G N such that 
\fii{a)\ < S.li i e Ka, using (9), (10) and (11), we have that s** forces that there is 
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k ^ Ei such that 

lM/c(a)l = l X! Afc(aAf)l > lAfe(aj)| - ^ |A/c|(aw) > — - ^ = 2<5. 

On the other hand, if z ^ X^, then 

Since a € p(N) n F which is identified with Clop{K), we have that Xa £ C'(iir) 
and therefore {p,k)keN does not converge weakly*, contradicting our hypothesis and 
concluding the proof. D 



[1 
[2: 

[3: 

[4 

[6: 

[9 

[10: 

[11 
[12: 

[is; 

[14 

[is: 
[16: 
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